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ABSTRACT
In this paper we derive some irrationality and linear independence results for series of the form∑∞
n=0 n
vn
n! where (vn)∞n=0 is either a non-negative integer sequence with vn = o(logn/ log logn) or a
non-decreasing integer sequence with vn = o(√2n/3).
1. INTRODUCTION
In 1766 Lambert [11] proved the irrationality of e = ∑∞n=0 1n! . In 1873 Hermite
[10] established the transcendence of e which implies the irrationality of
∑∞
n=1 m
n
n!
for any non-zero integer m. Since then a variety of results on the irrationality
of sums of the form
∑∞
n=1
an
n! has been published. In 1954 Oppenheim [12]
generalized a result of Erdo˝s and Kac [3] by showing that
∑∞
n=1
ndn
n! ,
∑∞
n=1
nσn
n!
and
∑∞
n=1
nφn
n! are irrational for all choices of n ∈ {−1,1}, where d(n), σ (n),φ(n)
denote the number of divisors, the sum of divisors, and the Euler totient function
of n, respectively. Almost 20 years later Erdo˝s and Straus [4] proved that the
numbers 1,
∑∞
n=1
σn
n! ,
∑∞
n=1
φn
n! and
∑∞
n=1
bn
n! , where |bn| < n1/2− for all large n
and bn = 0 inﬁnitely often, are linearly independent over the rationals. It has been
conjectured that
∑∞
n=1
σk(n)
n! , where σk(n) denotes the sum of the kth powers of n,
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for k = 0,1,2,3, . . . is irrational. This has been proved for k = 0,1 by Erdo˝s and
Straus [4], for k = 2 by Erdo˝s and Kac [3], and more recently, independently of
each other, for k = 3 by Schlage-Puchta [13] and by Friedlander, Luca and Stoiciu
[5], and under some twin prime condition for k > 3 by the latter authors. In 1958
Erdo˝s [2] claimed the irrationality of
∑∞
n=1
pkn
n! /∈ Q for k = 1,2, . . . , where {pn}∞n=1
is the sequence of consecutive prime numbers, but he proved only the case k = 1.
Erdo˝s’ claim that
∑∞
n=1
pkn
n! /∈ Q for k = 2,3, . . . was conﬁrmed by Schlage-Puchta
[14] in 2007.
In 2005 the authors [7] characterized the polynomials P(x) ∈ Z[x] for which∑∞
n=1 P(n)/n! is rational. In the same paper it was proved, as special cases of more
general results, that the numbers
∞∑
n=1
[γ nα]
n! for α ∈ R+, α /∈ Z, γ ∈ R+,
∞∑
n=1
[logn]
n! ,
∞∑
n=1
[exp(log1/2 n)]
n!
are irrational and the numbers
1, e and
∞∑
n=1
[nα]
n! for all α ∈ R+, α /∈ Z
are linearly independent over Z. In [9] the authors proved the irrationality of the
numbers
∞∑
n=1
2π(n)
n! ,
∞∑
n=1
(π(n))2
n! ,
∞∑
n=1
2n
logn
5 
n!
and more generally, of numbers
∑∞
n=1
an
n! for which the sequence (an)
∞
n=1 behaves
in a rather long interval of n as a geometric sequence.
The irrationality results on sums
∑∞
n=1
an
n! obtained so far fall apart in two
classes. The ﬁrst class deals with sequences with |an|  nC for some constant C,
in the second class the sequence of coefﬁcients an behaves almost as a geometric
sequence for n in inﬁnitely many intervals of the form [N,N + Nα]. In the present
paper we prove irrationality for a third class of sequences (an)∞n=1. We wondered
how fast the non-negative integer sequence (vn)∞n=1 can grow such that we can
guarantee the irrationality of
∑∞
n=1 n
vn
n! . We show that this is the case if (vn)
∞
n=1
is an integer sequence with vn = o(logn/ log logn) as n → ∞ (see Theorem 3.1),
and if (vn)∞n=1 is a non-decreasing integer sequence with vn = o(
√
2n/3) as n → ∞
(see Theorem 3.2). We prove some corresponding linear independence results in
Section 4.
Our method of proof is a combination of methods applied in the earlier papers
[7,9]. We note that there is an extensive literature on the irrationality of the greater
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class of Cantor series
∑∞
n=1
an∏n
j=1 mj
where (mj )∞j=1 is a sequence of positive
integers, often non-decreasing. See, for example, [6,8,12].
2. BASIC LEMMAS
The following result is a special case of a result of Oppenheim on Cantor series.
Lemma 2.1 (Oppenheim [12]). Let {an}∞n=0 be a sequence of integers with 0 
an < n for all n larger than some n0. Then
∞∑
n=0
an
n! ∈ Q
if and only if either an = 0 for all n > n0 or an = n − 1 for all n > n0.
Let {an}∞n=1 be a sequence of integers. We investigate conditions under which
R =
∞∑
n=1
an
n!(1)
is irrational in case an is a power of n. The following observation dealing with the
sum
Rm :=
∞∑
n=m
an
(m − 1)!
n!(2)
is crucial.
Lemma 2.2. If R = p
q
for some p ∈ Z, q ∈ Z, q > 0, then Rm ∈ Z for all m > q .
Proof. We have
(m − 1)!p
q
=
m−1∑
n=1
an
(m − 1)!
n! + Rm
and the ﬁrst two terms are integers. 
The next lemma displays some well-known properties of Stirling numbers of the
second kind.
Lemma 2.3. Let k,r and s be a non-negative integers with s < r .
Put
S(r, k) = 1
k!
k∑
j=0
(−1)k−j
(
k
j
)
j r .
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(a) Then S(r, k) = 0 if r < k or k = 0, S(r, k) = 1 if r = k and S(r, k) ∈ N if r >
k > 0.
(b) We have
S(r + 1, k) = S(r, k − 1) + kS(r, k).
(c) Hence
r∑
k=1
S(r, k) =
r−1∑
k=1
(k + 1)S(r − 1, k) r
r−1∑
k=1
S(r − 1, k),
(d)
∑r
k=1 S(r, k)∑s
k=1 S(s, k)
 r!
s! .
(e) For positive integer r and real x,
xr =
r∑
k=0
S(r, k)x(x − 1) · · · (x − k + 1).
For a proof of (a), (b) and (e) see [1], Section III.2. Part (c) is an immediate
consequence of (b) and (a). Part (d) follows from (c) by induction.
The last lemma serves to rearrange terms in a suitable way.
Lemma 2.4. Let k and n be a non-negative integers. Then
k∑
j=0
(−1)j
(
k
j
)
(N + j − 1)!
(N + j + n)! =
(k + n)!(N − 1)!
n!(N + k + n)! .(3)
Proof. We use mathematical induction. For k = 0 equation (3) holds. Suppose that
(3) holds for k. Then
k+1∑
j=0
(−1)j
(
k + 1
j
)
(N + j − 1)!
(N + j + n)!
=
k+1∑
j=1
(−1)j
(
k
j − 1
)
(N + j − 1)!
(N + j + n)! +
k∑
j=0
(−1)j
(
k
j
)
(N + j − 1)!
(N + j + n)!
= −
k∑
j=0
(−1)j
(
k
j
)
(N + j)!
(N + j + n + 1)! +
k∑
j=0
(−1)j
(
k
j
)
(N + j − 1)!
(N + j + n)!
= − (k + n)!N !
n!(N + k + n + 1)! +
(k + n)!(N − 1)!
n!(N + k + n)!
= (k + 1 + n)!(N − 1)!
n!(N + k + n + 1)! . 
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3. IRRATIONALITY RESULTS
Theorem 3.1. Let (vn)∞n=1 be a sequence of non-negative integers such that for
every sufﬁciently large n
vn 
lnn
ln lnn
(
1 + ln ln lnn
ln lnn
)
.(4)
Then
R =
∞∑
n=1
nvn
n! /∈ Q.
Proof. We have, by Lemma 2.3(e) and (a),
R =
∞∑
n=1
nvn
n! =
∞∑
n=1
n∑
k=1
S(vn, k)
1
(n − k)! =
∞∑
n=0
1
n!
n∑
k=1
S(vn+k, k),(5)
where the numbers S(n, k) are Stirling numbers of the second kind. Let n be
sufﬁciently large. From Lemma 2.3(a) and (4) we see that S(vn+k, k) > 0 implies
k  vn+k 
ln(n + k)
ln ln(n + k)
(
1 + ln ln ln(n + k)
ln ln(n + k)
)
.
It follows that k  lnn and, by (4), vn+k  rn where
rn := ln(n + lnn)ln lnn
(
1 + ln ln lnn
ln lnn
)
.
By Lemma 2.3(a), (b), (d), S(n, k) is non-decreasing in n and
cn :=
∞∑
k=1
S(vn+k, k) =
rn∑
k=1
S(vn+k, k)
rn∑
k=1
S(rn, k) rn!.
Hence, by the deﬁnition of rn,
cn  rn! ern ln rn  e ln(n+lnn)ln lnn (1+ ln ln lnnln lnn ) ln( ln(n+lnn)ln lnn (1+ ln ln lnnln lnn ))
 ne− 12
ln(n+lnn)
ln lnn = o(n).
So 0 < cn = o(n) as n → ∞ and we apply Lemma 2.1 with an = cn, bn = n. 
Example 3.1. Let ω(n) denote the number of prime divisors of n. Then
∞∑
n=1
nω(n)
n! /∈ Q.
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Proof. Let ω(y) = r. Then y ∏p|y p. Hence, by the Prime number theorem with
error term,
lny 
∑
p|y
lnp = r ln r + O(r).
It follows that
ω(y) = r  lny
ln lny
+ O
(
lny
(ln lny)2
)
. 
Theorem 3.2. Let (vn)∞n=1 be a non-decreasing sequence of positive integers such
that, for every sufﬁciently large n,
vn <
√
2n
3
.(6)
Then
R :=
∞∑
n=1
nvn
n! /∈ Q.
Proof. First we prove that there exist inﬁnitely many N such that
vN = vN+1 = · · · = v[(√N+√ 32 )2].(7)
Assume that this is not right. Let M be the largest positive integer with vM √
2M/3. If such an M does not exist, set M = v0 = 0. Then we have, for all positive
integers T ,
vM < v[(√M+
√
3
2 )
2] < v[(√M+2
√
3
2 )
2] < · · · < v[(√M+T√ 32 )2]
which can be proved using mathematical induction. It implies that
vm − vM  T 
√
2m
3
−
√
2M
3
for inﬁnitely many m of the form [(√M + T
√
3
2 )
2]. By the deﬁnition of M this
yields that vm 
√
2m/3 for inﬁnitely many m which contradicts (6). Let N satisfy
(7) and be sufﬁciently large. Then vn < [√2n/3] for all nN . If
n ∈
{
N,N + 1, . . . ,N +
[
2
√
2N
3
]}
and 0 k 
[√
2(n + k)
3
]
,(8)
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then k  [√2n/3 + 1/2], hence
n + k N +
[
2
√
2N
3
]
+
[√
2
3
(
N +
[
2
√
2N
3
])
+ 1
2
]

[(√
N +
√
3
2
)2]
.
Thus
vn+k = vN for all pairs (n, k) satisfying (8).(9)
Suppose R ∈ Q and mN . Observe that S(vn, k) = 0 implies that k  vn  n for
nN , hence
R∗m :=
∞∑
n=m
(m − 1)!
n!
∞∑
k=0
S(vn+k, k) =
∞∑
k=0
∞∑
n=m+k
(m − 1)!
(n − k)! S(vn, k)
=
∞∑
n=m
n∑
k=0
(m − 1)!
(n − k)! S(vn, k) −
∞∑
k=0
m+k−1∑
n=max(k,m)
(m − 1)!
(n − k)! S(vn, k)
and the right-most term is an integer. The preceding term equals
∑∞
n=m
(m−1)!nvn
n! in
view of Lemma 2.3(e). Hence, by Lemma 2.2, R∗m ∈ Z. It follows that
B :=
vN∑
j=0
(−1)j
(
vN
j
)
R∗N+j ∈ Z.(10)
We have
B =
vN∑
j=0
(−1)j
(
vN
j
) ∞∑
n=N+j
(N + j − 1)!
n!
∞∑
k=0
S(vn+k, k) = B1 + B2,
where, by (9) and Lemma 2.3(a),
B1 =
vN∑
j=0
(−1)j
(
vN
j
)N+[2√2N/3]+j−vN−1∑
n=N+j
(N + j − 1)!
n!
vN∑
k=0
S(vN, k)
and
B2 =
vN∑
j=0
(−1)j
(
vN
j
) ∞∑
n=N+[2√2N/3]+j−vN
(N + j − 1)!
n!
∞∑
k=0
S(vn+k, k).
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From (7) and Lemma 2.4 we obtain that
B1 =
(
vN∑
k=0
S(vN, k)
)
vN∑
j=0
(−1)j
(
vN
j
)N+[2√2N/3]+j−vN−1∑
n=N+j
(N + j − 1)!
n!(11)
=
(
vN∑
k=0
S(vN, k)
) [2√2N/3]−vN−1∑
n=0
vN∑
j=0
(−1)j
(
vN
j
)
(N + j − 1)!
(N + j + n)!
=
(
vN∑
k=0
S(vN, k)
) [2√2N/3]−vN−1∑
n=0
(N − 1)!(vN + n)!
n!(N + vN + n)! .
Formula (12), Lemma 2.3(a), (d) and inequality (6) imply that
0 < B1  vN !
[2√2N/3]−vN−1∑
n=0
(N − 1)!(vN + n)!
n!(N + vN + n)!(12)
 (vN !)
2N !
N(N + vN)!
(
1 + vN + 1
1!(N + vN + 1)
+ (vN + 1)(vN + 2)
2!(N + vN + 1)(N + vN + 2) + · · ·
)
 (
√
N)2vN
N · NvN
(
1 + 1
1! +
1
2! + · · ·
)
 e
N
.
On the other hand, we have, by (12) and the monotonicity of S(n, k) in n,
|B2|
B1
=
∣∣∣∣∣
vN∑
j=0
(−1)j
(
vN
j
) ∞∑
n=N+[2√2N/3]+j−vN
(N + j − 1)!
n!
∞∑
k=0
S(vn+k, k)
∣∣∣∣∣
×
((
vN∑
k=0
S(vN, k)
) [2√2N/3]−vN−1∑
n=0
(N − 1)!(vN + n)!
n!(N + vN + n)!
)−1

∑vN
j=0
(
vN
j
)∑∞
n=N+[2√2N/3]−vN
(N+j−1)!
(n+j)!
∑∞
k=0 S(vn+j+k, k)
(
∑vN
k=0 S(vN, k))
(N−1)!vN !
(N+vN )!

∑vN
j=0
(
vN
j
)∑∞
n=N+[2√2N/3]−vN
(N−1)!
n!
∑∞
k=0 S(vn+vN+k, k)
(
∑vN
k=0 S(vN, k))
(N−1)!vN !
(N+vN )!
.
We observe that S(vn+vN+k, k) > 0 implies that
k  vn+vN+k 
√
2
3
(
n +
√
2
3
n + k
)

√
3n + 2k
3
,
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whence k √n + 1 and therefore vn+vN+k 
√
2
3 (n + 2
√
n + 1) < √n. It follows
that
|B2|
B1
 2
vN (N + vN)!
vN !
∞∑
n=N+[√2N/3]
1
n!
∑[√ 23 (√n+1)]
k=0 S(vn+vN+k, k)∑vN
k=0 S(vN, k)
.
By applying Lemma 2.3(d) we obtain
|B2|
B1
 2
vN (N + vN)!
vN !
∞∑
n=N+[√2N/3]
1
n!
[
√
2
3 (
√
n + 1)]!
vN !
 2
vN (N + vN)!
(vN !)2
([√2N/3] + 2)!
(N + [√2N/3])!
×
(
1 +
√
N + 1
N + 1 +
√
(N + 1)(N + 2)
(N + 1)(N + 2) + · · ·
)
 2
[√2N/3](N + [√2N/3])!
([√2N/3]!)2
×
([√2N/3]∏
n=vN+1
n2
2(N + n)
)
([√2N/3] + 2)!
(N + [√2N/3])! · 2
 2
[√2N/3]+1([√2N/3] + 2)2
[√2N/3]! → 0
as N → ∞. This and (12) contradict B = B1 + B2 ∈ Z according to (10). 
Example 3.2. Let
f (n) =
∑
k∈N, P (k)n
1
where P(x) ∈ R[x] is a polynomial either with positive leading coefﬁcient and of
degree at least 3, or with leading coefﬁcient greater than 3/2 and of degree 2. Then
∞∑
n=1
nf (n)
n! /∈ Q.
4. LINEAR INDEPENDENCE
Theorems 4.1 and 4.2 deal with linear independence and are analogues of Theorems
3.1 and 3.2, respectively.
Theorem 4.1. Let (vn)∞n=1 be a sequence of positive integers such that vn → ∞
and
vn = o
(
lnn
ln lnn
)
(13)
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as n → ∞. Then the numbers 1 and
∞∑
n=1
ntvn
n! ,
where t ∈ N0 are linearly independent over Q.
Proof. Assume that 1 and the numbers
∑∞
n=1 n
tvn
n! (t ∈ N0) are linearly dependent
over Q. Then there exists a non-negative integer T and integers A0,A1, . . . ,AT with
AT > 0 such that R :=∑Tt=0 At∑∞n=1 ntvnn! is integer. As in (5) we have
R =
T∑
t=0
At
∞∑
n=1
ntvn
n! =
T∑
t=0
At
∞∑
n=0
1
n!
∞∑
k=1
S(tvn+k, k).
Put cn,t = ∑∞k=1 S(tvn+k, k) and cn = ∑Tt=0 Atcn,t . Then R = ∑∞n=0 cnn! . Now we
follow the proof of Theorem 3.1 to conclude that cn = o(n) as n → ∞.
It remains to prove that cn > 0 for all large n. Let M > 0. Let N0 be so large that
vn M for n  N0. From Lemma 2.3(c), which implies that the Stirling numbers
S(n, k) are increasing in n, we obtain that, for t = 0,1, . . . , T − 1 and nN0,
cn,T =
∞∑
k=1
S(T vn+k, k) =
∞∑
k=1
(k + 1)S(T vn+k − 1, k)
 2
∞∑
k=1
S(T vn+k − 1, k) · · ·
∞∑
k=1
2(T−t)vn+k S(tvn+k, k)
 2(T−t)M
∞∑
k=1
S(tvn+k, k) 2Mcn,t .
Hence ∣∣∣∣∣
T −1∑
t=0
Atcn,t
∣∣∣∣∣ 2−Mcn,T
T −1∑
t=0
|At |.
By letting M tend to inﬁnity, we ﬁnd cn = (1 + o(1))AT cn,T . Thus 0 < cn = o(n) as
n → ∞ and we apply Lemma 2.1. 
Theorem 4.2. Let (vn)∞n=1 be an unbounded non-decreasing sequence of positive
integers such that
vn = o
(√
n
)
.(14)
Then the numbers 1 and
∞∑
n=1
ntvn
n! ,
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where t ∈ N0 are linearly independent over Q.
Remark. If (vn)∞n=1 is bounded and non-decreasing, then it is ultimately constant
and Theorem 3.1 of [7] with a = 1, b = 0 can be used to show that there is linear
dependence. The condition that (vn)∞n=1 is unbounded is therefore necessary.
Proof of Theorem 4.2. Assume that 1 and the numbers
∑∞
n=1 n
tvn
n! where t ∈ N0
are linearly dependent over Q. Then there exists a non-negative integer T and
integers A0,A1, . . . ,AT with AT > 0 such that the number R =∑Tt=0 At∑∞n=1 ntvnn!
is integer. Let M be the largest positive integer with T vM 
√
2M/3 if such an M
exists and set M = v0 = 0 otherwise. As in the proof of Theorem 3.2 there exist
inﬁnitely many N such that vN = vN+1 = · · · = v[(√N+√3/2)2]. Hence (9) holds as
well.
Let such an N be sufﬁciently large and mN . Observe that
R∗m :=
∞∑
n=m
(m − 1)!
n!
∞∑
k=0
∞∑
t=0
atS(tvn+k, k)
=
T∑
t=0
at
∞∑
n=m
n∑
k=0
(m − 1)!
(n − k)! S(tvn, k)
−
T∑
t=0
at
∞∑
k=0
m+k−1∑
n=max(k,m)
(m − 1)!
(n − k)! S(tvn, k).
The right-most term is an integer. The preceding term equals
∑T
t=0 at ×∑∞
n=m
(m−1)!ntvn
n! in view of Lemma 2.3(e). Hence, by Lemma 2.2, R
∗
m ∈ Z. It
follows that
B :=
T vN∑
j=0
(−1)j
(
T vN
j
)
R∗N+j ∈ Z.
As in the proof of Theorem 3.2 we have
B =
T∑
t=0
At
T vN∑
j=0
(−1)j
(
T vN
j
) ∞∑
n=N+j
(N + j − 1)!
n!
∞∑
k=0
S(tvn+k, k)
= B1 + B2
where, by (9),
B1 =
T∑
t=0
At
T vN∑
j=0
(−1)j
(
T vN
j
)N+[2√2N/3]+j−T vN−1∑
n=N+j
(N + j − 1)!
n!
T vN∑
k=0
S(tvN , k)
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and
B2 =
T∑
t=0
At
T vN∑
j=0
(−1)j
(
T vN
j
) ∞∑
n=N+[2√2N/3]+j−T vN
(N + j − 1)!
n!
∞∑
k=0
S(tvn+k, k).
Following the proof of Theorem 3.2 we get
B1 =
T∑
t=0
At
(
tvN∑
k=0
S(tvN , k)
) [2√2N/3]+j−T vN−1∑
n=0
(N − 1)!(T vN + n)!
n!(N + T vN + n)! ,(15)
hence
|B1| e
∑T
t=0 |At |
N
.(16)
As in the proof of Theorem 4.1 we deduce for each t = 0,1, . . . , T − 1, using that
vn → ∞ as n → ∞,
∞∑
k=0
S(tvn+k, k) = o
( ∞∑
k=0
S(T vn+k, k)
)
.(17)
From this, (15) and Lemma 2.3(a) we obtain
B1 =
(
1 + o(1))AT
(
T vN∑
k=0
S(T vN, k)
) [2√2N/3]−T vN−1∑
n=0
(N − 1)!(T vN + n)!
n!(N + T vN + n)!
 1
2
AT
(N − 1)!(T vN)!
(N + T vN)! > 0.
Inequality (17) yields that
|B2|
B1

T∑
t=0
|At |
T vN∑
j=0
(
T vN
j
) ∞∑
n=N+[2√2N/3]+j−T vN
(N + j − 1)!
n!
∞∑
k=0
S(tvn+k, k)
×
((
1 + o(1))AT
(
T vN∑
k=0
S(T vN, k)
)[2√2N/3]−T vN−1∑
n=0
(N − 1)!(T vN + n)!
n!(N + T vN + n)!
)−1

(
1 + o(1))
(
T∑
t=0
|At |
)
×
T vN∑
j=0
(
T vN
j
) ∞∑
n=N+[2√2N/3]−T vN
(N − 1)!
n!
∞∑
k=0
S(T vn+T vN+k, k)
×
((
T vN∑
k=0
S(T vN, k)
) [2√2N/3]−T vN−1∑
n=0
(N − 1)!(T vN + n)!
n!(N + T vN + n)!
)−1
.
548
Now we can proceed as in the proof of Theorem 3.2 to show that B2/B1 → 0 as
N → ∞ and so to get a contradiction. 
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